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REMARKS ON A PROOF THAT A (X)NTINUOITS FUNCTION IS 
UNIFORMLY CONTINUOUS 

By N. J. Lennes 

1. In a note in the Malhematixclie Annalen, vol. 6 (1873), p. 319, 
Ltiroth gave a proof* of the theorem that a function, eontinuows over a certain 
interval, is uniformly continuous over that interval. The proof is based upon 
the following definition of continuity at a point: 

A single valued function, '\ f{x) , in naid to be continuous at a given jioint 
X = «o if for every positive e there exists a positive 8, such that for every x^ 
and x^ on the interval x,, — S, • • • .Tq + 5,| we hove 

I fK^i) -f(^) I < e- 

In other words, the iiinge§ of the function on the interval x^ — S, ■ ■ ■ 
x„ + S^ is less than e. 

If one value of S, can be found which satisfies the condition for the given 
point Xq, then clearly every smaller value, and possibly some larger ones, will 
satisfy the condition: Let A, be the largest value of S, which satisfies the 
condition.il 

If the given function f{x) is continuous at every point on a • • • 6, then 
for any e there will be a value of A, corresponding to every x on a • • ■ b. 
This A, then for any particular e will be a function of x and may be denoted 
by A, (a;). 

The essential part of Liiroth's proof consists in establishing the following 
fact : iff(x) is continuous at every point of its interval, then for any particular 
value of e, the quantity \{x) will be a continuous function of a;. From this 

*Liiroth's proof is stated for functions of two variables, but applies, as lie himself points 
OHt, to functions of any number of variables. 

tTlie function /(x) is supposed to be defined for every point of a given continuous interval 
a . . . b. (We confine ourselves wholly to functions of one real variable.) 

JOr on such parts of a;„ — S, . . . x„ + S, as lie within a . . . h. 

§ The expression " range " of a function on a given Interval is used to indicate the difter- 
ence between the least upper and the greatest lower bound of the function on that interval. 

llFor particular values of e and .i-,,, Ae may clearly equal the whole distance from *•„ to "a" or 
"6" This is so for all values of t and a;,,, when /fa;) is a constant. 
(86) 
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follows, by a fundamental tlieoreni due to Weierstituss, that the function A, (a;) 
will actually reach its greatest lower bound, that is, will have a minimum value ; 
and this minimum value, like all tli:! other values of S,, will be a positive quan- 
tity. 

Hence : if a single valued function is continuous over an interval a ■ ■ - b, 
then for every e there exists a positive t) {jianiehf, twice the minimum value of 
A, (a)] such that the range of the function will he less than e on any interval 
on a • ■ • h whose length is less than t). That is, the function is uniformly 
continuous and the theorem is proved. 

2. A definition of continuity more familiar than that used by Lliroth is 
the following : A single valued function f{x) is said to he continuous at a jjoint 
X = Xo when for every positive e there exists a positive S', such that for every 
Xi on the interval x„ — S,' • • • x„ + B', we have 

I fXxo)-(fx,)\<e; 

and the (juestion arises whether this definition luigiit have been ased in place 
ofthe other in Lliroth's proof of tlie theorem. We may here, as before, con- 
sider the greatest 5' which satisfies the condition, and denote it by A^(x). 
The question then is whether this quantity Aj(a5), like A,(a;), is a continuous 
function of x. 

The purpose of the present note is to show that this question must be 
answered in the negative. The following examples prove that A',(x) is not in 
general a continuous function of x. 

Consider the function f{x) = sin x, from a; = to x — w, and take 

e = i)J'6. At X = ^ , A.',{x) = -tT-, while if x is allowed to approach ^ as a 
limit fx being greater than ^ j , A',{x) approaches -5 as a limit. Hence K(x) 

TT 

is discontinuous at x = -• 

6 

As another example, consider a function f\x) which is represented by the 
following broken line. On a, segment AB parallel to the A'-axis there are 
two points O and D. On the segment CIJ as a base construct an isosceles 
triangle CUD. The segments ^C, CE, ED &nA Z)i?, including their end 
points, represent a function y =f{x) such that for certain values of e, AJ(x) 
is not a continuous function on the interval A • ■ ■ B. This case is strictly 
analogous to tlu; one given above. 
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Instead of the one triangle DEC we now construct an infinite set of 
triangles as follows : 

On the segment AB lay off segments jBX„ X^X^ • • • , X„X„^i, • • ■ 

Y X 

such X„X„ ^ 1 = — ^^-^ — - • On segment BXi, Hi is any point. K„ is a 

X X 

point on X„X„^i such that X„K„ = — " a" ^ ^ ? ^^(^^ ^ 2) is a point on 

X„ _ , X„ such that H„ X„ = ^''-^^'^ . 

o 

On the Hn^^n as bases construct isosceles triangles with vertices V„ and 
altitudes A„ such that h„ = %(h„_i). 

The segments BH^, Hi\\, F,/f„ K^H^, ■ ■ -, II„V„, VJl^, T{'„H„ + i, 
• • • including their end points represent a function /(x) such that for evert/ 
value of € which is less than the range of the function on its interval, there is 
a point at which A,'(a;) is a discontinuous function of x. 

The function y = x sin — is such that for some values of e within an inter- 

•' X 

val • • • A [A being positive and not zero], A,(x) is discontinuous at some 
point no matter how small A is. This is also true for e on an interval A • • • + oo 
no matter how large A is. 

Univkrsitv of Chicago, 

OCTOBKR 19, 1903. 



